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p\ , Abstract 

This Note is concerned with the asymptotic behavior of the minimal KPP speed of propagation for reaction- 
-h ' advection-diffusion equations with a large drift M q (where q is the advection). We first give the limit of the speed 

as M — > +00 in any space dimension TV. Then, we give the necessary and sufficient condition that the advection 
field should satisfy so that the speed acts as O(M) as M —} +00. 

Resume 

Cette Note est consacree a l'etude asymptotique de la vitesse minimale de propagation pour les fronts progressifs 
pulsatoires qui satisfont une equation de reaction-advection-diffusion lors d'une grande advection Mq (ou q est 
l'advection). Nous donnons la limite de la vitesse quand M — >• +00 dans une dimension N quelconque. Puis, quand 
N = 2, on donne une condition necessaire et suffisante pour que la vitesse se comporte comme O(M) lorsque 



(N 
> 



q 

o 
o 



M -> +00 



Version frangaise abregee 



Pour chaque M > 0, nous considerons l'equation de reaction-advection-diffusion suivante 

C3 ' \ u t = V ■ (A(zWu) + M q(z) ■ Vu + f(z, u), t e R. z G fl, 

(1) 
v ■ AVu = sur R x dfl, 

ou v est la normale unitaire exterieure sur dfl quand dfl ^ 0. Le domaine Q est un sous-ensemble connexe 
de ffi* de classe C 3 pour lequel il existe 1 < d < N, L\, ■ ■ ■ , Ld positifs et R > tels que 

V(ar,j/) G J]CI ,l xt' v - (l , \y\ < R, et Vfc = (h,--- ,k d ,0,--- ,0) G L{Lx- ■ ■ xL d Zx{0} N - d , Q = Q + k. 

On note la cellule de periodicite de ft par 

C = {{x, y) G ft; xx G (0, L x ), ■ ■ ■ , x d G (0, L d )}. 
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Dans ce cadre periodique, un champ v : Q — > K. est dit L-periodique en x si w(x + k,y) — w(x,y) p.p. 

d 

dans ft quel que soit k = (k\, • • • , kd) £ I I L{L. La diffusion A(x, y) = (Aij(x, y))i<ij<N dans l'cquation 



i2,Sf 



(7) est un champ matriciel de classe C ' (SI) (avec S > 0) qui est i-periodique en x et vcrific 
30< ai <a 2 ,V(x,y) £ St, V£ £ I N , a^\ 2 < £ ^(x,y)^ < a 2 |£| 2 . 

l<i,j<N 

L'advection g(a;, y) = (qi(x, y),- ■ ■ , qN{x, y)) est un champ vectoriel L-periodique en x et de classe C 1,<5 (f2) 
(<5 > 0) qui satisfait 

V • q = dans Si, q ■ v = sur 90 (quand 9il ^ 0), et VI < i < d, / q, dxdy = 0. (2) 

La partie non lincare / = f(x, y, u) est une fonction positive de classe C 1,s (fi x [0, 1]), i-periodique en x 
telle que f(x, y, 0) = f(x, y, 1) = pour tout (a;, y) € fl et 

3 p € (0, 1), V(x, y) g H, V 1 - p < s < s' < 1, /(a:, y, *) > f(x, y, s'), 

— fix v u) $) 

V(x,y)£Cl, ((x,y):=fUx,y,0)= lim 7 ^' y ' Mj > 0. 

On suppose aussi que la reaction / satisfait la condition "KPP" (d'apres Kolmogorov, Petrovsky et 
Piskunov [8]) 

V(x,|/,*)efix(0,l), 0</(x,y, s)<fi(x, y,0)s = C(x,y)s. (4) 

Un exemple de cette non linearite est la fonction "homogene" f(u) = u(\ — u) sur (0, 1). 

On s'intcrcssc au phcnomcne de propagation dcs fronts progrcssifs pulsatoires pour l'cquation (7). Nous 

fixons une direction unitaire e £ K d et nous notons e = (e, 0, • ■ • , 0) £ R N . Un front progressif pulsatoire 

qui se propage dans la direction de — e avec une vitesse c est une solution u(t, x, y) de (7) de la forme 

u(t, x, y) = 4>{x ■ e + ct, x, y) oii la fonction <f> est L-pcriodique en x et satisfait les conditions limites 

lim 4>(s, x, y) = et lim <p(s, x, y) = 1 uniformcmcnt en (x, y) £ fl. D 'apres les resultats de [1] et [2], 

s^ — oo s^+oo 

il existe une valeur critique notee Cq a Mq Ae) > 0, qui s'appelle la vitesse minimale KPP, telle qu'il existe 
un front progressif pulsatoire pour I'equation (7) avec une vitesse c si et seulement si c > Cq a m Ae) > 0. 
De plus, selon [3], le terme parametrique CQ AMq j(e)/M reste borne independamment de M > 1. Nous 
avons determine, dans [7], la limite de c^ A Mq Ae)/M lorsque M — > +oo. Dans le theoreme suivant, nous 
donnons des details sur la limite Cj 2 A Mq Ae)/M lors que la dimension est N = 2. 

Lemme 0.1 (trajectoires periodique non bornees de q) On suppose ici que la dimension est N — 
2 et done d £ {1,2}. Soit T(x) une trajectoire periodique non bornee de q dans il passant par x. C'est a 
dire, il existe a £ LiZx_L2Z\{0} (resp. LiZx {0}\{0} / ) quand d — 2 (resp. d = 1) tel que T(x) = T(x)+&. 
Dans ce cas, on dit T(x) est a— periodique. Alors, toutes les autres trajectoires non bornees periodiques 
T(y) de q sont aussi a— periodique. De plus, a = Liei quand d = 1 et done, dans le cas d = 1, toutes les 
trajectoires periodiques sont L\e\— periodiques. 

Theoreme 0.2 Supposons que N = 2 et que q, Ct, A et f satisfont les hypotheses mentionnes au dessus 
(avec N = 2). Alors, 



,. c h,A,M q,f( e ) 
hm — — L -rr I = 



(i) S'il n 'existe pas de trajectoire periodique non bornee de q, alors lim — ; — ' = 0, quelle que 

soit la direction unitaire e. 

(ii) S'il existe une trajectoire periodique non bornee T(x) de q dans Q, (a la quelle on peut done associer 

une periode a £ M 2 ), alors 



,. c n,A,M q,f\ e ) „ n , , - / n /,\ 

lim — — — — > <=> e • a =£ 0. (5) 

M-H-oc M 

-De p/ws ; dans le cas oil d — 1, /e Lemme 1.3 implique que e ■ a = ±Li ^ 0. Utilisant (16), on peut alors 
conclure que, pour d = 1, 

* ( \ 
lim — '■ — '— — > <^=> ( II existe une trajectoire periodique non bornee T(x) de q dans CI). (6) 

M— f+oo M 



1. Asymptotics of the minimal speed within large drift in any dimension N with more 
details in the case N = 2 

For each M > 0, we consider the reaction-advection-diffusion equation 

Mi = V- (A(zWu) + Mq(z) • Vu+ fO?,w), t E R, z E CI, 

(7) 
i/ • AVw = onlxffi, 

where f stands for the unit outward normal on dCl whenever it is nonempty. 

The domain CI is a C 3 nonempty connected open subset of R^ such that for some integer 1 < d < N, 
there exist L\, ■ ■ ■ , L d positive real numbers such that 

3 R > ; V (x, y) E SlCl^x R N ~ d , \y\ < R, 

A (8) 

V (fci, • • ■ , k d ) E L{L x • • • x L d Z, CI = Cl + 2_^ ha, 

k=l 

where (<e-i)i<i<N is the canonical basis of R N . In other words, CI is bounded in the y— direction and 
periodic in x. As archetypes of the domain CI, we may have the whole space M. N which corresponds for 
d = N and L\, ■ ■ ■ , Ln any array of positive real numbers. We may also have the whole space R^ with a 
periodic array of holes or an infinite cylinder with an oscillating boundary. In this periodic situation, we 
call 

C = {{x, y) e Cl; xy e (0, L x ), ■ ■ ■ , x d € (0, L d )} (9) 

the periodicity cell of CI. 

The diffusion matrix A(x,y) = [Aij(x,y))i<i t j<N is a symmetric C 2, (CI) (with S > 0) matrix field 
which is i-pcriodic with respect to x and satisfies 

30<ai <a 2 ,V(x,y) E ft,V£ E R N , we have c*i|£| 2 < ^ A l3 \x,y)^ 3 <a 2 \S,\ 2 . (1 ) 

l<i,j<N 

The underlying advection q(x, y) = (qi(x, y), ■ ■ ■ , qN{x, y)) is a C 1,5 (Cl) (with 8 > 0) vector field which 
is L- periodic with respect to x and satisfies 

V • q = in 0, q ■ v = on dCl (when dCl ^ 0), V 1 < z < d, / q t dxdy = 0. (11) 

Concerning the nonlinearity / = f(x, y, u), it is a nonnegative function defined in CI x [0, 1], such that 

3 



/ is ^-periodic with respect to x, and of class C 1 ' (SI x [0, 1]), 

V(a;,i/)en, f(x,y,0) = f(x,y,l) = 0, 

(12) 
3 p g (0, 1), V(x, y) g fi, V 1 - p < a < s' < 1, /(*, y, *) > f(x, y, a'), 

V(x,y)eU, C(x,y) := K(x,y,0) = lim Z^lM > 0, 

with the additional "KPP" assumption (referring to [8] by Kolmogorov, Petrovsky and Piskunov) 

V (x, y, a) g H x (0, 1), < /(*, y, s) < #(*, y, 0) x «. (13) 

An archetype of / is (x,y,u) *-* u(l — u)h(x,y) defined on Q x [0,1] where ft is a positive C 1,5 (Q) 
L-periodic function. 

In all of this paper, e g R d is a fixed unit vector and e := (e, 0, • • • ,0) G K. N . A pulsating travelling 
front propagating in the direction of — e within a speed c ^ is a solution u = u(t, a;, y) of (7) for which 
there exists a function such that u(t, x, y) = </>(.t ■ e + ct, x, y), 4> is L-periodic in x and 

lim 0(s, x, y) = and lim <p(a,x, y) = 1, 

uniformly in (#, y) g fi. 

In the same setting as in this paper, it was proved in [1] and [3] that for all 17, A, q, and / satisfying (8), 
(10), (11), and (12) respectively, there exists c^ Aq t(e), called the minimal speed of propagation, such 
that pulsating travelling fronts exist if and only if c > Cq a q t (e). This result extended that of [8] which 
proved that c*(e) = 2y/f'(0) in a "homogenous" framework where / = f(u) and there is no advection q. 
A variational formula for the minimal speed c^ A q Ae) involving the principal eigenvalue of an elliptic 
operator was proved in [3]. Moreover, El Smaily [6] proved a min-max formula for the minimal speed. In 
the following, we recall the definition of "first integrals" of a vector field which was introduced in [2]. 

Definition 1.1 (First integrals) The family of first integrals of an incompressible advection q of the type 
(11) is defined by 

I := |w g H loc (n), w ^ 0, w is L — periodic in x, and q ■ Vw = almost everywhere in J7| . 
Having a matrix A = A(x,y) of the type (10), we also define 

Xy := I w g 1, such that / <> 2 > / Vm • AVw I . (14) 

The following theorem gives the asymptotic behavior of the minimal speed in the presence of a large 
advection in any dimension N . 

Theorem 1.2 We fix a unit direction e g M. d and assume that the diffusion matrix A and the nonlinearity 
f satisfy (10), (12) and (13). Let q be an advection field which satisfies (11). Then, 



Um eg,A, Mq Ae) = max f 

M -+~ M weXf w * 



ic 

The above theorem was proved in details in [7] and [9] . In [9] , Zlatos treated the problem when the domain 
il is the whole M. N . Other asymptotics of the minimal speed were proved in El Smaily [4] and El Smaily, 
Hamel, Roqucs [5]. 



In the case where TV = 2, we give necessary and sufficient conditions on the streamlines (or the 
trajectories) of the advection field q for which the limit (15) is positive or null. In the following lemma, 
we describe the family of "unbounded periodic trajectories" of L— periodic 2-dimensional vector fields q. 

Lemma 1.3 (unbounded periodic trajectories) We assume here that N = 2 and hence d G {1,2}. 
Assume that q satisfies (11). Let T(x) be an unbounded periodic trajectory of q in Q. That is, there exists 
a G L{L x L 2 Z \ {0} (resp. L x 1 x {0} \ {0}) when d = 2 (resp. d=l) such that T(x) = T(x) + a. In this 
case, we say that T{x) is a.— periodic. Then, ifT(y) is another unbounded periodic trajectory of q, T{y) 
is also a.— periodic. 

Moreover, in the case d = 1, a = L\e\. That is, all the unbounded periodic trajectories of q in £1 are 
L\e\— periodic. 

Theorem 1.4 Assume that N — 2 and that Q and q satisfy (8) and (11) respectively. The two following 
statements are equivalent: 

(i) There exists w G X, such that / qw ^ 0. 

Jc 
(ii) There exists a periodic unbounded trajectory T(x) of q in Q. 

Moreover, if (ii) is verified and T[x) is a.— periodic, then for any w G I we have qw G Ma. 

Jc 
Remark 1 The periodicity assumption on the trajectory in (ii) is crucial. Indeed there may exist 

unbounded trajectories which are not periodic, even though the vector field q is periodic. Consider, for 

example,the following function <j>: 



"»>sin(27r(a: + ln(j/-[j/]))) if y & Z, 

otherwise, 

where [y] denotes the integer part of y. This function is C°° on R 2 , and 1-periodic in x and y. Hence the 
vector field 

q = V ± (b 
is also C°°, 1-periodic in x and y, and verifies J,„ ii x rn n 9 = with V • q = 0. A quick study of this vector 
field shows that the part of the graph of x h- > e~ x lying between y = and y = 1 is a trajectory of q, and 
is obviously unbounded and not periodic. Moreover, there exist no periodic unbounded trajectories for this 
vector field, so the theorem asserts that for all w £l we have 

qw 2 = 0. 
ic 

Corollary 1.5 Assume that N — 2 and that il, A, q and f satisfy the conditions (8), (10), (11) and 

(12-13) respectively. Then, 

(i) If there exists no periodic unbounded trajectory of q in $7, then 

,. c h,A,Mq,f( e ) „ 
hm — — — — = 0. 

Af^+oo M 

for any unit direction e. 

(ii) If there exists a periodic unbounded trajectory T(x) of q in Q (which will be a— periodic for some 
vector a G K 2 ) then 

,. c n,A,M q,f\ e ) , n , , - / n /1c x 

hm — — — — > <=> e • a =t= 0. (16) 

M->+oo M 

We mention that in the case where d — 1, we have e — ±e\. Lemma 1.3 yields that e ■ a = ±Li =/= 0. 
Referring to (16), we can then write, for d = 1, 



lim — ; — ; — — > o <=> (there exists a periodic unbounded trajectory T(x) of q in fl). (17) 

M-»+oo M 

In order to prove Theorem 1.4, we proved the following qualitative property for the family of the 
advection fields that we consider in this work. The following proposition can be viewed as a generalization 
of the Hodge representation to unbounded domains with a periodic structure. 

Proposition 1.1 Let N = 2, d = 1 or 2 where d is defined in (8). Let q G C 1,s (£l), L-periodic with 
respect to x and verifying the conditions (11). Then, there exists <f> G C 2, (f2), L-periodic with respect to 
x, such that 

q = V A -(j) inn. (18) 

Moreover, <ft is constant on every connected component of dfl. 

Remark 2 We mention that the representation q = V^cj) is already known in the case where the domain 
£} is bounded and simply connected or equal to whole space M 2 . However, the above proposition applies 
in more cases due to the condition q ■ v = on dfl. For example, it applies when fl is the whole space R 2 
with a periodic array of holes or when fl is an infinite cylinder which may have an oscillating boundary 
and/or a periodic array of holes. 

The proofs of all the above results, further details and more asymptotic properties of the KPP minimal 
speed are shown in [7]. 
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